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Abstract— Soft robots often use appendages that have dis-
tributed and anisotropic compliance which allow bending
motions that enable locomotion. Anisotropic compliance is
especially important for robots that swim in resistive media
like fluids or sand since forward motion relies on anisotropic
propulsion forces. In this paper we investigate the role of
limb compliance in enabling effective swimming of a two-
appendage robot through resistive media. We selected joint
stiffness values as limb design parameters and performed
numerical optimization using granular Resistive Force Theory
(gRFT) to maximize displacement per cycle while minimizing
motor cost as approximated by the square of the torque. The
optimization reveals that asymmetric joint stiffness and tapered
configuration outperform symmetric design or asymmetric
design with uniform stiffness. We fabricated the limb with
3D printed appendages: polylactic acid (PLA) links and ther-
moplastic polyurethane (TPU) joints. We characterized joint
stiffness via four-point bending experiments and conducted
displacement experiments in glass beads. The results verify
that limb compliance affects propulsion performance and motor
torque requirements. Also, the body drag and the swimming
depth affect the propulsion performance. The study provides
guidelines for choosing joint stiffness and robot body drag that
increase propulsion while managing reasonable motor torque.

I. INTRODUCTION

Locomotion of soft bodied systems in resistive media is of
significant interest in robotics and biology. Bacteria swim-
ming in viscous fluids, worms wriggling through mud, and
snakes burrowing beneath granular media all use compliant
body elements to propel themselves forward. Resistive forces
like those in fluids and sand are unique because a force on
a body element, F', is generated only through the relative
motion of that body element through the media, F' = f(V).
This is in contrast to forces like static friction, or ground
contact normal force where no motion is required to generate
a force on the body. Thus, in resistive media the motion
of a body and the forces exerted on it are intrinsically
tied together. In the case of compliant limbs, this feedback
coupling between: 1) actuated motion of the appendage, 2)
the resistive forces on the compliant elements, and 3) the
deformation of the compliant limb, all conspire to make
compliant underactuation in resistive media a challenging
design case for soft robots.

Building on robotic locomotion theories that treat the
ground as a rigid plate, prior terradynamic studies have
advanced precision design, mechanism optimization, and
control methods [1], [2], [3], [4]. While dry granular media
(GM) have been studied, other resistive media remain less
explored despite their prevalence and importance. Wet sand,

L Authors are affiliated with Department of Mechanical and Aerospace
Engineering, University of California San Diego, La Jolla, CA 92093 USA
{suchae, mttolley, ngravish}@ucsd.edu

for example, differs from dry sand in that in some cases
it can flow like a viscous fluid [5]. Thus, in the case of
wet sand, there are two regimes relevant for locomotion:
In low-Reynolds-number viscous fluids, inertia is negligi-
ble and instantaneous hydrodynamic forces scale linearly
with velocity; net locomotion requires non-reciprocal shape
changes (as per the Scallop Theorem) [6], [7]. In quasi-
static granular media, forces are largely rate-insensitive and
depend on geometry, orientation, and depth rather than speed,
enabling geometric control of thrust without inertia [2], [8].

Biology motivates compliant appendages in terms of gen-
erating net propulsion in resistive media. Chlamydomonas
cells, a sea alga, generate net thrust using non-reciprocal
flagellar waveforms, effectively producing stroke asymmetry
between recovery and power phases [7], [9]. Inspired by
such strategies, previous robotic work realized “quasi-soft”
appendages using rigid underactuated linkages with hard
joint limits: joints rotate freely within limits and encounter
large effective stiffness at stops to create asymmetric strokes
and net propulsive force [10]. Similar to rigid underactuated
appendage robots, there have also been trials to leverage the
asymmetric compliance of the appendage to dig in the sand
[11], [12].

However, unlike Chlamydomonas which swims in viscous
fluid, a perfectly soft appendage in GM experiences large
distributed resistive forces during both recovery and power
strokes because granular resistive forces depend on geometry
rather than velocity. The speed-dependent force asymmetry
exploited in viscous swimming is therefore unavailable in
GM, requiring alternative propulsion strategies.

Excess compliance can therefore diminish thrust by yield-
ing the appendage rather than the substrate. This raises a
design question: What is the appropriate distribution of joint
stiffness in an appendage to maximize forward progress or
force economy in granular environments?

Prior work has examined how joint stiffness influences
propulsion in both viscous fluids and granular media [13].
Peng et al. modeled a single rigid link with a torsional
spring at the joint and coupled the kinematics with Resistive
Force Theory (RFT) for both media. They optimized the
torsional stiffness by maximizing propulsive force, showing
that the optimal spring constant differs across media because
granular forces are largely rate-insensitive whereas viscous
forces scale with velocity. This contrast motivates searching
for stiffness levels and distributions tailored to the target
medium.

In this paper, we address this question by formulating
elastic-joint appendage models with three compliance can-
didates and associated hypotheses. We link these models
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Fig. 1. Design of biologically inspired underactuated compliant limbs for
propulsion in granular media. (a) Robot CAD, (b) Concept of asymmetric
appendage motion leading to a power and recovery stroke, (c) Concept of
the robot propulsion, (d) prior hard-stop underactuated appendage design,
(e) soft appendage concept

to resistive force models for viscous and granular media
and optimize the joint stiffness and damping parameters
under fabrication-feasible bounds. Then we validate the
joint stiffnesses with fabricated prototypes whose calibrated
joint properties are compared against model predictions.
We finally demonstrate the optimized design integrated into
a sand-swimming robot. The overall concept of the sand
swimming robot is illustrated in Fig. 1.

II. MODELING & OPTIMIZATION
A. Resistive Force Theory

We define resistive media as a continuum environment in
which the forces acting on a body, F', are only a function of
the relative motion of the body, F' = f(V). For example, in
1-D motion in the z-direction of a sphere through a viscous
fluid we have the well known Stokes drag law, Fyx = —Cvy,
where C is a drag coefficient determined by the sphere
geometry. Motion of a plate through viscous fluids yields
a force-torque body wrench determined by the product of a
drag matrix and the body twist, 7, = BV}. In more complex

resistive media such as dry sand, the relationship between
body wrench and body twist is nonlinear, but still solely a
function of relative motion F = f(V).

To calculate forces on more complicated shapes beyond
flat plates, Resistive force theory (RFT) was developed. RFT
is an empirical theory that was originally developed to es-
timate the forces on objects in low-Reynold’s-number fluids
[14], and more recently has been extended to other media
such as sand [8]. RFT assumes that a complex shape can be
broken down into a connected structure of flat plate elements,
and that the forces on these flat plates are independent of
each other. From this assumption, the net force on an object
can be calculated as the sum of the individual forces on
the flat plates, which themselves are easily calculated from
the resistive media’s force law (F, = f(Vp)). A further
assumption is that the system motion is slow enough so that
it remains in the quasi-static regime and the inertial effect in
such system is negligible. From these two assumptions, we
can generate a quasi-static force balance from the summed
RFT elements and solve for the resultant body twist(s) that
ensure the quasi-static condition.

Resistive force laws in viscous and granular media show
a notable difference: While resistive force in low-Reynolds
number fluid is dependent on the velocity (i.e., faster ve-
locities lead to larger resistive forces) the resistive force
in granular media is independent of the velocity [15]. In
granular media, the magnitude of the velocity does not
influence the force on the body (as long as speed remain
lower than ~1 m/s). Rather, the geometry of the object
and the angle of attack of the object govern the force.
This distinction becomes particularly important for robotic
locomotion systems that employ rotational appendages for
propulsion or maneuvering. For rotational appendages, the
force profiles differ significantly between the two media, as
illustrated in Fig. 2.
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Fig. 2. Concept of appendage swimming and comparison between media.
(a) Schematic of the swimming appendage and the key variables. (b)
Illustration of appendage motion and corresponding force distribution in a
low-Reynolds-number fluid. (c) Illustration of appendage motion and force
distribution in granular media, highlighting the velocity independence of
resistive force behavior.



B. Appendage Design & Kinematics

We investigated two cases of joint stiffness configurations:
symmetric and asymmetric stiffness. For both cases, the
joint stiffness was modeled as a linear torsional spring, as
illustrated in Fig. 3. Symmetric stiffness applied identical
spring constants for positive and negative joint angles about
the neutral axis (0 ), while asymmetric stiffness employs
different spring constants for each angular direction (k%
for positive angles, k& for negative angles). The appendage
geometry is designed as a rectangular beam shape.

Resistive forces in these media are governed by appendage
geometry, necessitating careful selection of design parame-
ters including link length, width, and joint stop angle. Among
these geometric parameters, we focus on joint stiffness
as the primary variable of interest because it influences
propulsive force generation through both perpendicular and
parallel force components relative to the direction of motion.
Other design parameters exhibit more straightforward scaling
relationships; for instance, increasing linkage height yields
a monotonic increase in generated force. To isolate the
geometric effects of joint compliance, we constrain the range
of motion to 0 — 180 degrees and assume, as a simplifying
assumption, uniform spring constants and damping coeffi-
cients across all limbs. While numerous metrics exist for
evaluating locomotion performance, we adopt net displace-
ment as the primary performance measure, which simplifies
analysis within the 2D quasi-static framework. In resistive
media, achieving positive net displacement in the propulsive
direction remains fundamentally challenging and has been a
central target in prior studies [10], [16], [17].

Due to the quasi-static nature of the resistive media,
displacement is computed by solving the force-equilibrium
condition in Eq. 1 to obtain the instantaneous body transla-
tion velocity, followed by temporal integration using Implicit
Euler method. To model a continuum compliant limb we use
a beam-element approximation which consists of a five serial
multi-link arm attached to a rigid body. To isolate appendage
performance, the body is constrained to translate exclusively
along the x-axis through a prismatic degree of freedom
(DOF), with lateral (y-direction) motion and rotation pro-
hibited. Resistive forces and torques acting on the arm links
are evaluated using granular Resistive Force Theory (gRFT),
although only the net x-direction force is of interest for
propulsion analysis. The proximal joint is actuated as a
motorized revolute joint, while the remaining distal joints
are passive revolute joints. We examine the two stiffness
cases described previously—symmetric and asymmetric—by
applying the respective spring constants to all passive joints,
with initial conditions set to joint angle vector ¢(0) = 0
(straight configuration) and body position z(0) = 0. Initially,
body drag is neglected to isolate the appendage dynamics;
the effects of body drag are subsequently examined in the
results section.

X
F= Fbody + Fappendage (])

For the symmetric stiffness case, joint stiffness is swept
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Fig. 3. Three joint-design cases and corresponding torque-angle char-
acteristics and displacement from gRFT simulations for symmetric and
asymmetric joint configurations. (a) Hard-stop underactuated joint: free
rotation within limits; stiffness rises steeply near the stops to prevent
overtravel. (b) Symmetric linear spring: equal stiffness in both directions
about the neutral angle. (c) Asymmetric linear torsional spring: different
stiffness for clockwise and counterclockwise rotation. Schematics and ()
are shown. (d) Net displacement over 10 cycles for different joint stiffness
values. The blue curve represents the asymmetric case, and the yellow curve
represents the symmetric case.

from 10 N cm/rad (initial value) to 500 N cm/rad in sub-
sequent 50 N cm/rad increments. To reduce sensitivity to
initial configuration, net displacement is computed over the
first 10 locomotion cycles in MATLAB, where each cycle
comprises one recovery stroke and one power stroke. For
the asymmetric stiffness case, all joints employ &% = 700 N
cm/rad for positive joint angles and & € [10,500] N cm/rad
for negative joint angles, with k- values spanning the same
range as the symmetric case.

C. Stiffness Optimization

As shown in Fig. 3 (d), the symmetric stiffness case
exhibits a gradual increase in net displacement with increas-
ing stiffness, though the absolute magnitude remains small.
In contrast, the asymmetric stiffness case demonstrates a
substantial increase in net displacement up to a critical stiff-
ness k (the stiffness yielding maximum net displacement),
beyond which performance declines. These results reveal
three key insights: (1) symmetric stiffness fails to break the
force symmetry in resistive media, resulting in limited net
propulsion; (2) for asymmetric stiffness, excessively compli-
ant appendages yield under granular resistive forces during
the power stroke, causing the structure to collapse rather
than displace the substrate; and (3) overly stiff appendages
generate comparable forces during both power and recovery
strokes, negating net displacement gains. Consequently, an
optimal stiffness region exists that maximizes net displace-
ment.

Having established that joint stiffness significantly influ-
ences propulsion, we hypothesized that permitting joint-wise



stiffness variation may yield further performance gains. This
hypothesis was motivated by the observation that in rota-
tional appendages, proximal joints experience substantially
higher torque loads than distal joints, suggesting that an
optimal stiffness distribution should reflect these differential
mechanical demands. To investigate this, we formulate a
stiffness optimization problem using a Genetic Algorithm
(GA) under fixed geometry and link count. The primary
objective is to maximize net propulsive displacement per
cycle. The fitness function is defined as the net displacement
achieved during the third locomotion cycle, which minimizes
the influence of initial configuration (all joints start at 0 ).
For the symmetric case, the GA optimizes four variables (k
for each passive joint; the actuated proximal joint has no
passive elastic element) with stiffness bounds k € [0, 700]
N cm/rad. The upper bound of 700 N cm/rad is chosen
to provide sufficient stiffness to resist granular drag forces
while maintaining joint angles near zero during operation.
The lower bound is set to zero, as negative stiffness would be
physically unrealizable and impractical to implement. For the
asymmetric case, the GA optimizes eight variables (k™ and
k  for each passive joint) with bounds £*,k € [0,700] N
cm/rad. Population sizes follow MATLAB’s default scaling
of min (max (10 X nvars, 40), 100), yielding 40 individuals
for the symmetric case and 80 for the asymmetric case.
Termination criteria include a maximum of 200 generations
or 120 hours of computation time. All other GA parameters
(mutation, crossover) use MATLAB defaults.

As specified previously, optimization was performed for
200 generations, as shown in Fig. 4, yielding optimal stiff-
ness distributions of k% ~ [700, 700, 700, 700] N cm/rad
and k = [700, 47, 28, 12] N cm/rad for the four passive
joints from proximal to distal. These results indicates that
asymmetric stiffness is necessary for generating net propul-
sion in granular media, as all k* values converged to the
upper bound provided to the optimizer. The lower bound
stiffness exhibits a tapered distribution, decreasing from
proximal to distal joints. This distribution aligns with the
physical interpretation that torque loads imposed by granular
resistance are highest at proximal joints, which support the
cumulative reaction forces from all distal segments, and
decrease toward the distal end where each joint experiences
only local forces. To prevent excessive yielding under these
distributed loads, joints near the base require higher stiffness
to resist the larger torques they experience.

III. DESIGN & FABRICATION

A. Appendage fabrication

To construct a flexible arm appendage comprising rigid
linkages and flexible joints, we fabricated the linkage and
joints via 3D printing using Polylactic Acid (PLA) and
Thermoplastic Polyurethane (TPU), respectively. The fab-
rication concept is illustrated in Fig. 5 (a). The primary
design parameter is the joint thickness L (measured in the
y-direction perpendicular to the bending axis in the zy-
plane), which governs joint flexibility. As the joint thickness
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Fig. 4. Genetic Algorithm optimization process showing convergence over
200 generations, with cost function reduction from initial to final values.

increases, the bending stiffness increases, requiring greater
moment for the same angular deflection.

To characterize the relationship between joint geometry
and rotational stiffness, we conducted four-point bending
experiments. The joint stiffness is assumed to be linear
within the small-deformation regime, and the specimen is
configured as simply supported at both ends. Under four-
point bending, the moment between the two inner loading
points remains constant, yielding a joint moment M = %,
where F' is the applied force and a is the distance between
the support and loading points, as shown in Fig. 5 (d).
From geometric analysis of the deflected configuration, the
relative angle 6 between adjacent rigid links is calculated
as § = 2arctan (a/d), where d is the measured vertical
deflection. The rotational stiffness is then determined as
expressed in Eq. 2.

_— Fa
torsion — 2(71' — 2arctan (a/d))

The TPU joints were printed with Shore hardness 95A,
layer height 0.16 mm, and 100% infill (solid walls) to ensure
structural uniformity and repeatability. Each geometry was
characterized using a single specimen tested three times
to verify measurement consistency, yielding stiffness values
with coefficient of variation less than 5%, which validated the
assumption of high print repeatability. Loading was limited to
deflections below 3 mm to maintain the linear elastic regime.
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B. Experiment Setup

For the displacement experiment, we employed an air-
fluidizable sandboxes to ensure uniform initial compaction
of the granular media, as illustrated in Fig. 6. The sandbox
was fluidized before each trial and allowed to settle under
gravity to achieve consistent loosely packed density [18].
The granular medium consisted of glass beads with particle
diameters ranging from 212 to 300pm. To constrain motion






