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Synopsis Dimensionless numbers have long been used in com para tive b io mec hanics t o quan tify com pet ing sca ling relat ion- 
s hips an d conn ect m orph ology to animal per for mance. W hile co mmo n in aerodyna mics, f ew re late th e b io mechanics o f the 
organism to the forces produced on the environment during flight. We di scu ss the Wei s-F ogh n umber, N , as a dimensionless 
numb er sp ecific to fla pping fligh t, which describes the resonant properties of an insect and resu lt ing t rade offs betwe en ener- 
getics and contro l. Originall y defined by Tor ke l Weis-Fogh in his seminal 1973 paper, N measures the ratio of peak inertial to 

aer odynamic tor que generated by an insect over a wingbeat. In this p ersp e ct ives pie ce, we define N for com para ti ve bio logists 
an d descri be i ts interp retatio ns as a ratio of torques and as the width of an insect’s resonance curve. We then di scu ss the ran g e 
of N rea lize d by inse cts a nd expla in t he f un dam enta l t rade offs betwe en an inse ct’s aerodynamic efficiency, stabi lity, and respon- 
siveness that ari se a s a consequence o f variatio n in N , both across and within species. N is ther efor e an espe cia l ly usefu l quant ity 
fo r co m para tive a pproac hes t o th e role of m echa nics a nd aerodyna mics in insec t flig ht. 
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ntroduction 

lappin g in se cts are cap a ble of remarka ble aer ial fe ats
f spe e d a nd ma neuv era b ili t y, hav ing c aptured the fas-
inatio n o f scientists fo r centuries. Ins ect-s c ale flap-
 ing loco motio n is p art icu lar ly en er g et ica l ly expen siv e
 E llington 1999 ), sug gesting t h at insects m ay ut i lize
 lastic en ergy s tora ge in t heir t ho rax to red uce lar g e
ight power r equir ements. Most insects fly using indi-
ec t ac tuation, in w hich the flig h t m uscula ture a ttaches
o t he sur face of a t hin exos ke letal s h e ll as o p posed to
irect ly to t he win g hin g e itself ( Gau et al. 2019 ). De-

o rmatio ns o f thi s ela stic s h e ll m ove th e wings in di-
ectly v i a the w in g hin g e , whic h converts th e lin ear dis-
lacement of the musc les t o a ngula r win g mov ement
 Fig. 1 B). This co nfiguratio n giv es in sects the in g re di-
nts of a spring-m a ss-d amper: inerti al w ings, d amp-
ng from the a ir, a nd el asticit y from the thorax. Thus,
nsects p rod uce me chanica l osci l lat io ns, wi th a reso-
 dvance A ccess publication May 30, 2024 
C Th e Auth or(s) 2024. Pu blis h ed by Oxford University Press on behalf of the
o r permissio ns, plea se e-m ai l: j ourna ls.permissio ns@ou p.co m 
 ant frequency th at the oret ica l ly r epr esents th e m ost
fficien t frequency a t whic h t o flap ( Sot avalt a 1952 ;
re enewa lt 1960 ; Weis-Fogh 1973 ; Gau et al. 2022 ).
any studies have examined the aerodynamics of flap-

 ing flight, u t i lizing n on dim ension al numbers th at cap-
ure the re lations hip bet ween w ing kinematics and fluid
ynamic propert ies ( El lingt on 1984c ; Dic kinson et al .
999 ; Sa ne a nd Dickinson 2001 ; Sane 2003 ; Lent in k and
ickinson 2009b ; Chin and Lentink 2016 ). But since

 he or ig ina l descript ions of indire c t flig ht ac tuation and
c aling , much less focus has been given to the interplay
f st ructura l me chanics of th e e lastic th orax an d aero-
yna mic f o rces o n the wings. 

Per haps n o single in div idu a l cont ribute d more to
ur un derstan din g of in sec t flig ht tha n Tork el Weis-
og h, w hos e s eminal wo rks incl ude the discovery of re-
ilin in the insect cuticle ( Weis-Fogh 1960 ), clap-and-
ing mech ani sms of lift produc tion ( Weis-Fog h 1973 ),
 Society for In tegra tive and Com para tiv e B iology. All rights reserved. 
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(A)

(B) (C) (D)

Fig. 1 (A) Forced spring-mass-damper equation for a flapping insect with v elocity-squar ed aerodynamic damping where I is the wing 
inertia, � is the aerodynamic damping parameter, k rot is the rotational thorax stiffness, τm is the muscle torque amplitude, and ω is the 
wingbeat frequency. (B) Cross-section of the insect flight apparatus and a discretized schematic showing the action of internal and external 
forces on the thorax-wing system (modified from Lynch et al. 2021 ). Series elasticity is much less than parallel (thoracic) stiffness for large 
insects such as moths and bees ( Ando and Kanzaki 2016 ; Gau et al. 2022 ; Pons and Beatus 2022a ). While this can modify resonance 
properties to some degr ee, w e focus on the essential elements for creating resonant flapping flight. (C) Resonance curve of an insect, with 
darker curves corresponding to higher values of N . (D) Per-cycle positive muscular work and aerodynamic efficiency as a function of 
normalized frequency (driving frequency divided by resonant frequency) with a constant N = 2 for the equation in (A). At resonance 
( ω/ ω n = 1 ), positive muscular work is minimized and aerodynamic efficiency is maximized. 
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and a pplica tio n o f s teady-s tate aerodynamic theory to
hov erin g anim al s ( Wei s-Fogh 1972 ). In hi s influent ia l
1973 pa per, Weis-F ogh in t roduce d a n on-dim ensional
number, N , descr ibing t he ratio of peak inertial to
p eak aero dynamic t orques generat ed ov er a win gstroke
to s h ow th at aerodyn amica l ly efficient hov erin g flight
r equir es elastic energy s tora ge in the thorax ( Weis-
Fogh 1973 ). This p aper, a lo ng wi t h t he e arlier work
of Gre enewa lt (1960) and Sot avalt a (1952) , gave rise
to th e con ceptual m ode l of insects as elast ic osci l la-
t or s ( Fig. 1 A), t aking advant age of resonance to re-
duce the lar g e pow er r equir emen ts of fla pping fligh t.
We have previously named N the Weis-Fogh number,
as an homage to Weis-Fogh’s co ntribu tio ns to the field
of insect flight ( Lynch et al. 2021 , 2024 ; Wold et al.
2024 ). 

In recent years, a resur g ence of interest in the reso-
n ant mech anics of fla pping fligh t h a s resu lte d in com-
p arat i ve stud y o f reso nance across insect species. Com-
p arat ive m easurem ent of th orax stiffn ess ( Gau et al.
2019 ; Jankauski 2020 ; Cas e y et al. 2023 ; Pons et al.
2023 ) and damping h a s en able d dire c t charac terization
o f reso na nce, a nd the deg re e t o whic h insects bene-
fit fro m e lastic en er gy savin gs. In p art icu l ar, ev idence
fro m Lep ido p tera h a s s ugges ted that not a l l inse cts may
fla p a t resonance ( Ga u et al. 2022 ). Opera ting a t an off-
r esonance fr equency may co nvey co ntrol benefits fo r in-
sects that modulate wingbeat frequency transiently to
man euver in th e air ( Gau et al. 2021 ). Such a t rade off
between efficiency and fre quency modu lat ion is a fun-
damenta l conse quence of energy flow through a res-
onan t system beca use, a t resonan ce, th e en ergy input
eac h cyc le (from musc le in an insect) is sma l l com-
p are d to t he tot a l me chanica l energy in the system
( Box 2 ). 

The gr owing inter est in the r eso nance o f insec t flig ht
systems h a s in dicated a n e e d for a simple met r ic t hat
en ables compari s on of res onance across species, con-
ne ct ing morp ho logy and kinematics to complex no-
tio ns o f stab ili ty , efficiency , and respon siv eness ( Box
T1 ). N uniquel y accomp li shes thi s by relating an insect’s
b o dy mecha nics a nd flapping aerodynamics, capturing
interaction s betw een win g s hape, m ovem ent, an d th e
surrounding air. Thi s contra sts wi th co mmo n dimen-
sionles s numbers s uch as the R ey nolds, St rou ha l, and
Rossby numbers in insect fligh t tha t focu s prim arily on
fluid p roperties a nd a cha racter istic lengt h or frequency
( Taylor et a l. 2003 ; C hin and Lent in k 2016 ). Orig ina l ly
mot ivate d by Weis-Fogh as a matter of ma thema t ica l
convenience, N h a s deep im plica tio ns fo r flight dynam-
ics a nd control, a nd hig hlig h ts im portan t p ara l lels be-
twe en osci l lator physics and insect physiology. In this
p ersp e ct ives pie ce, we di scu ss th e physical m eaning of
N an d docum en t its varia t ion across inse ct spe cies. We
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h en dem onstrate h o w N pro v ides a w indow into trade-
ffs incurred by insects by virtue of being resonat or s.
ow N insects benefit from increased aerodynamic effi-
ien cy an d respon siv eness at the expense of stab ili ty in
nsteady environm ents. Th e perf orma nce t rade offs as-
oci ated w ith N c annot onl y exp l ain its rel ati vel y sma l l
an g e across in sects (t ypic a l ly 1 < N < 10 ), but also
ow variation in N within this ran g e may reflect signifi-
a nt difference in perf orma nce a nd ada pta tion ov er ev o-
 u tio nary time to enable different behaviora l, e colog ica l,
 nd lif e hist ory diver sity. 

Box T1: Terminology 

Here we define three key terms as they are used in this 
paper to refer to aspects of res onant ins ec t flig ht per- 
f orma nce. 

Aerodynamic efficiency : ratio of aerodynamic work 

per cycle used to su ppo rt an insect’s body weight in 

relation to total work done by the muscle per cycle 
to su ppo rt a l l costs o f loco motio n ( Weis-Fogh 1973 ; 
Lynch et al. 2021 ; Wold et al. 2024 ). 

Respon siv eness : The ab ili ty o f an insect t o c han g e 
its kinematics within som e tim e (response time) due 
t o int erna l forces applie d by the fligh t m uscles ( D ud ley 
2002 ; Wold et al. 2023 ; Lynch et al. 2024 ). 

Stab ili ty : The ab ili ty o f an insect to ma inta in its 
s teady-s ta te wingbea t tra jectory in the face of external 
perturb at ions ( Wi l lia ms a n d Biewen er 2015 ; Lyn ch et 
al. 2024 ). 

hysical meaning and measurement of N 

t is first useful to define N and how it conceptua l ly lin ks
 io me chanica l propert ies (spr ing-dr iven and wing iner-
 ia l f orces) a nd aerodyna mics. N has t wo rel ated phys-
cal in terpreta tions tha t ena ble tran slation to aspects
f insect per for mance . Eac h provides different insights
or the com para tive b io mecha nics a nd perf orma nce of
pecies that use indirect wing actuation. 

 as a ratio of torques 

 i s defined a s t he ratio of pe a k inert ia l to pea k aero-
ynamic torque over a wingbeat. Conceptua l ly, thi s i s
he rat io betwe en the effo rt i t tak es f or a n a nimal to ac-
e lerate th e m a ss of t he wing vs t he effort t o circulat e
he air around its w ing . Bec ause power is the p rod uct
 f to rque a nd a ngula r velocity, N als o des cr ibes t he b a l-
nce of the two p rinci p a l power costs for an in sect: win g
n ertia an d aerodynamics ( Box 2 ). A lar g er N indicates a
ar g er relativ e inertial pow er cost, while a sma l l N indi-
 ates a l ar g er relativ e aero dynamic p o wer cost. I nert ia l
osts are genera l ly thought of as “wasteful” in that they
o n ot contri but e t o weight su ppo rt o r thrust, so high N

n sects w ould be in creasingly in efficient with ou t o ffset-
 ing inert ia l costs with e lastic en er gy storag e ( Dickin son
nd Lighton 1995 ). Con sequently, lar g er N in se cts a lso
av e a lar g er c apacit y to benefit fro m e lastic en ergy stor-
g e than low er N in sects. In t his way, N me asures t he
axim um poten t ia l benefit o f tho rax elastici ty wi thou t

 equiring dir ect s tiffnes s meas uremen ts. Poten t ia l sele c-
ive pres s ures fav orin g lar g e or sma l l N are mu lt ifacto-
i al and w ill be di scu ssed later, but these power relation-
hips hig hlig ht th e basic en er g etic im plica tio ns o f N fo r
n insect. 
ei s-Fogh origin ally u sed N to argue that thorax elas-

 icity is ne cessa ry f or inse cts to rea lize high aerody-
amic efficiency. Most flying insects actuate their wings

ndirect ly by defor min g an elastic ex os ke leto n wi t h t heir
 ain power mu sc les ( Gau et al . 2019 ) ( Bo x 2 ). I n the

bsence of me aningf ul t h orax e l asticit y, m uscles m ust
 rod uce sufficient to rque to b a lance to rques d ue to wing

n ertia an d aerodyna mic da m ping. Weis-F ogh normal-
zed these torques by the p eak aero dyna mic torque a nd
lotted them as a function of n on-dim en sional win g
n gle (win g an gle divided by peak win g an gle) ( Weis-
ogh 1973 ) ( Fig. 2 A). N emer g es from this const ruct ion
s the maximum norma lize d inert ia l t orque , whic h oc-
urs at stroke rever sal . Int egrating the t o rques wi th re-
pect to win g an gle, one can compute an insect’s aero-
ynamic efficien cy: th e fractio n o f t otal po sitive aero-
ynamic w ork ov er a win gstroke th at i s devot ed t o
 he “usef ul” t ask of b o dy weight supp ort, expressed
s η = 

∫ + 

ˆ τaero d ̂

 φ/ ∫ + 

( ̂  τaero + ˆ τinert ia l ) d ̂

 φ. Tota l posit ive
e chanica l work is defined as the sum of useful aero-

yna mic work a nd t he “wastef u l” inert ia l wo rk do ne to
cce lerate an d dece lerate th e wing m a ss ( Box 2 ). The
ist inct io n o f posi tive-o nly wo rk is impo rta nt a nd re-
ects the fact that th e m etabolic cost of negative work
 rod uctio n by mu scle i s a s s umed to be over an order of
a gnitude les s t han t h e m etab olic cost of p ositiv e w ork
 rod uctio n ( Asmu ssen 1953 ; Wei s-Fogh 1972 ). Doing
 o re ve als t hat an insect’s aerodynamic efficiency de-
reases m on otonica l ly with N , so that insects with lar g er
 ne e d to re quire s ubs tant ia l ly more muscu lar work to
a inta in hover ( Weis-Fogh 1973 ) ( Fig. 2 B). Weis-Fogh
 sed thi s re lations hip as strong evidence for elastic en-
r gy ex chan g e in t he t ho rax o f insects wi th moderat e t o
igh N , since wi thou t i t, such in sects w ould be un sus-
ainab l y inefficient. 

 as resonance curve sharpness 

 seco nd interp retatio n o f N relates to an insect’s res-
nance curve ( Box 2 , Fig. 1 C). The wingbeat stroke
mplitude vs frequency curve h a s a c haract eristic reso-
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Box 2: Indirect actuation and reson an ce in flap pin g fligh t 

In sects hav e b een mo deled using a spring-m a ss-d amper equ ation w ith n onlin ea r aerodyna mic da mp ing in place o f 
the usual linear vi scou s damping ( Fig. 1 A). Aerodynamic damping for insects is genera l ly modele d as a force with 

magni tude p ropo rtio nal to the square of wing velocity, which is the case for Reynolds number flow >> 1 (Re ran g e 
for insects here is O ( 10 

3 ) − ( 10 

4 )) ( Wi l lm ott an d El lington 1997 ; D ud le y 2002 ). The pres en ce of th e absol u te val ue 
in the damping term ensures that the dire ct io n o f the damp ing fo rce vecto r always o p poses wing mo t ion. D ue to the 
or ient atio n o f an insect’s b o dy with resp e ct to the wingst ro ke p la ne, da mp ing o n the wing does play an im portan t 
role in lift and thrust generation. As such, damping in m ode ls of aerodynamic resonance sho uld no t be thought of 
a s wa steful di ssip at ion, but as potent ia l ly usefu l energy exc hange . 

Li ke a l l ot her spr ing-m a ss-d amper systems, flapping insects experience the pheno meno n o f reso nance , in whic h 

cer tain f r equencies ar e ener g et ica l ly fav ora ble ov er oth er frequen cies. This frequen cy pr efer ence is captur ed by a 
resonance c urve, w hich plots the osci l lat io n ampli tude o f so me perfo rma nce va riable (in Fig. 1 C, stroke angle φ), 
a gains t the frequency of osci l lat ion. Th e resonan ce frequen cy ( ω n ) is th e frequen cy at which th e amplitude i s m axi- 
mize d. Whi le we use the term “resonance frequen cy” gen erally in this paper, there are different resonant frequencies 
th at m aximize different perf orma nce va riables (i .e ., strok e a ngle, strok e a ngula r velocity, f or exa mple see Pons a nd 

Beatus 2022a ; Wold et al. 2024 for more information). How ev er, in many groups of ins ects, thes e different resonance 
fr equencies ar e very c lose t o on e an oth er ( Pons an d Beatus 2022a ; Wold et al. 2024 ), an d th e descri ptio n o f reso nance 
below is a reasonable a pproxima tion. 

Conceptua l ly, r esonance captur es the per-cycle tra nsf o rmatio n betwe en inert ia l and elastic energy. The spring- 
wing m ode l of an inse ct re ceives inpu t fro m a sinuso idal musc le t orque , whic h must b a lan ce th e sum of a torques 
due to aerodynamic dampin g, win g inertia t orque , an d th orax e l asticit y. The r esonant fr equency is that at which in- 
ert ia l an d e las tic torques ins t ant an eous ly balan ce on e an oth er, so tha t m uscle m ust o nly p rod uce sufficient to rque to 

p rod uce aerodynamics. In this s ens e , the syst em is operating at an ener g etic o p tim um, since m uscular energy m ust 
o nly be su pplied to offset irrecov era ble losses fro m fluid dissi p at ion. This can be seen in Fig. 1 D, wh ere th e input 
energy from muscle is at a minimum at the r esonant fr e quency. As a conse quen ce, it is en er g et ica l ly cha l leng ing to 

modul ate flapping frequency by changing the frequency of the driving force (ω) . In insects we ll-m ode led by Fig. 1 A 

fla pping a t r esonance, fr e quency modu lat ion wi l l ta ke mu lt iple cycles and a temporary re duct ion of osci l lat ion am- 
plitude, sin ce th e input en er gy per cy cle is not lar g e enough to ov ercom e th e co mb in ed en ergies of in erti a, d amping , 
an d e l asticit y ( Gau et al. 2021 , 2022 ). The lar g er the gap betw een the win gbeat a nd resona n ce frequen cy, th e lar g er 
the input energy per cycle wi l l be relative to the total m echanical en ergy, an d thus frequen cy m od ulatio n will be less 
and less onerous. 

W hile sp ring-m a ss-d amper equ ations are w ritten in terms of forces or torques acting on a m a ss or w ing , flight 
per for mance of insects is often di scu ssed in terms o f wo r k an d power. Each term in Fig. 1 A co rrespo nds to a per- 
wingst roke me chanica l wor k, wh en in tegra te d with respe ct to win g an gle. The aerodynamic w or k is th e wor k re- 
quired to genera te circula tio n o f a ir a roun d th e w ing , thus p rod ucing lift and su ppo rting b o dy weight. Th e in ert ia l 
work is the work r equir ed to accelerate and decelerate the wing in a vacuum, and thus does not co ntribu t e t o b o dy 
weight su ppo rt. Fo r this reason, inert ia l work is of ten t hought of as wasteful ( Weis-Fogh 1972 , 1973 ; Lynch et al. 
2021 ). Depen ding on wh eth er th e insect is fla pping a t resonan ce, e las tic s tora ge may offset some or a l l of this waste- 
fu l inert ia l wo rk. Acco rding ly, Weis-Fog h defin ed th e aerodynamic efficien cy of an insect as th e ratio of aerodynamic 
work th at i s u sed to su ppo rt body weight in relation to total wo rk do ne by the flight muscles ( Weis-Fogh 1973 ). This 
efficiency i s m axim al at reson a nce a nd decreases when inert ia l and elast ic work do not b a la nce one a no ther (bo th 

a bov e and below resonance) ( Fig. 1 D). 
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na nt peak, a n d its s harpn ess, th e steepn ess of th e fa l loff
in a mplitude a roun d th e r esonant fr equency, is dic-
tated by N ( Fig. 1 C). Lar g er N in sects hav e sharper res-
on ance curves, thu s h aving a na rrower ra nge of fre-
quencies over which they can benefit fro m lar g er res-
onant efficiency. By cont rast, inse cts with sma l ler N
( Fig. 1 C, gray lines) have a range of frequencies over
which wingbea t am plitude does not chan g e drast ica l ly
wi th frequency, bu t al so h ave a lesser c apacit y for gen-
era ting high-am plitude wingbea ts wit h t he s ame in-
pu t muscle fo r ce. The r eso nance curve interp retatio n
of N is analogous to the co mmo n ly use d qua lity fac-
tor ( Q ) in eng ine ering use d to des cribe res onance curve
widt h ( We aver Jr et al. 1991 ); how ev er, N and Q are
str ict ly spe a king not e quiva lent. Q is a system-level
property that does not chan g e un less p aramet er s suc h as
m a s s, s tiffnes s, o r damp in g coefficient chan g e ( Weav er
Jr et a l. 1991 ). D ue to the nonline ar i ty o f aerodynamic
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(A) (B)

(C)

Fig. 2 (A) Normalized torques as a function of nondimensional wing angle for an insect with no thorax elasticity (inspired by Weis-Fogh 
1973 ). Shaded areas correspond to positive aerodynamic work (blue) and positive summed aerodynamic and inertial work (gray), the ratio 
of which is aerodynamic efficiency. (B) Aerodynamic efficiency falls off monotonically with N for an insect with no thorax elasticity. (C) N 

as a function of body mass for insect species from four orders (modified from Lynch et al. 2021 ). Species names are listed for the two 
insects with N < 1 . Data are taken from Weis-Fogh (1973) , Ellington (1984a) , and Farisenkov et al. (2022) . Open circles are computed with 
pow er measur ements (i.e., Equation ( 1 )), while closed cir cles are computed using tor que measurements (i.e., Equation ( 2 )). 
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amp ing to rques, N also varies depending on wingbeat
mplitude. 

easuring N 

 can be co mpu te d dire ctly if one h a s a good estimate
or inert ia l and aerodynamic forces generated by an in-
ect over a wingst roke. Inert ia l to rque abou t the wing
in g e can be expressed as τinert ia l = I ̈φ(t ) , where I is the

n ertia of th e wings an d th e added m a ss of a ir a round
he wings and φ(t ) is the time-varying stroke angle
 Weis-Fogh 1973 ; Lynch et al. 2021 ; Gau et al. 2022 )
 Fig. 1 A). To ma inta in a na lyt ica l t ractabi lity, Weis-Fogh
m ployed the sim ples t pos si ble m ode l of aerodynamics,
n which the magni tude o f the aerodynamic damping
o rce is p ropo rtio nal to the square of the wing tip veloc-
ty: τaero = �

·
φ( t ) | 

·
φ( t ) , ( Fig. 1 A). Here, � is a constant

h at depend s on wing sh ape a nd fluid pa ra met er s, r epr e-
enting an avera ge dra g coefficient over a stroke ( Weis-
ogh 1973 ; W hi tn ey an d Wo o d 2012 ). App l ying the fi-
 al a s s um ption tha t φ(t ) is per fect ly sinusoid al w ith
 mplitude φo a n d frequen cy ω, N can be expressed as
he following: 

N = 

max ( τinert ia l ) 
max ( τaero ) 

= 

I φo ω 

2 

�φ2 
o ω 

2 = 

I 
�φo 

. (1)

This simple exp ressio n can be co mpu ted across
pecies with knowledge of detailed wing shape and
er odynamic pr operties. How ev er, f or ma ny species, a n
ccura te estima te of the av erag e win g drag coefficient or
ocatio n o f the center o f p res s ure may not be available,
hich is r equir ed to co mpu te �. Of ten, t hese quanti-

ies are taken from other insects and as s umed to gen-
ra lize, est imate d rough ly from ge omet ry, or from dy-
amica l ly sca le d-up robophysica l m ode l s ( Wei s-Fogh
973 ; Ja fferis et al . 2016 ; Lync h et al . 2021 ). A similar
n d math emat ica l ly e quiva len t form ul a for N c an be de-
ived by considering the ratio of cycle-averaged inertial
 nd aerodyna mic power, which ar e mor e common out-
u ts o f blade-e lem ent o r co mpu tatio n fluid dynamics
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m ode ls of flappin g in sects ( Lynch et al. 2024 ; Wold et al.
2024 ). 

N = 

4 

3 

P̄ inert ia l 

P̄ aero 
. (2)

Th e simple m ode l that un der lies th e defini tio n o f
N captures the effects of th e m ost im portan t kine-
matic variables for flight power (i .e ., frequen cy an d am-
plitude) in a way that preserves ana lyt ica l t ractabi l-
ity and com para tive m easurem ent across taxa. How-
ever, it is im portan t to note that the as s umptio ns o f a
purely sinusoidal wingstroke and a constant drag co-
efficient are significant at the level of an indiv idu al in-
sect’s aerodyna mics. Ma ny in sects g enera te significan tly
no n-sinuso id al w ingstrok es ( Willmott a nd Ellington
1997 ; Fa risenk ov et al. 2022 ; Wold et al. 2023 ). Further-
more , c han g es in other kinematic variables (i .e ., angle-
of-att ack) modify t he dam ping coefficien t � through-
out a wing strok e ( Ha n et al. 2015 ), a n d oth er unm od-
eled aerodynamic forces such as rotat iona l and unsteady
f orces certa inly act o n a flapp in g win g ( Sane 2003 ; Chin
and Lent in k 2016 ). No n-sinuso id al w ingstrokes may
ma nif est in co mplex, no nlinear reso nance which can-
not be captured by a single peak and may still be ad-
vantageous to insects ( Pons et al. 2023 ). This does not
un dermin e th e ut i lity of N as a tool to evaluate dif-
ferences in resonant mechanics between organisms or
grou ps o f o r ganism s subj e ct to the same as s umptions.
While there is more to aerodynamics than what is cap-
t ured by velocity-sq ua red da mp ing wi th a co nstant co-
efficient, it is a sta nda r d r epr esen ta tion of the princi-
p a l forces act in g on the win g ( Wi l lm ott an d Ellington
1997 ) and a l lows f or a n alysi s o f b ro ad t r ends in r eso-
nance across taxa through N , similar to h ow th e Rossby
number h a s been u sed in flight b io me chanics ( Lent in k
and Dickinson 2009a , 2009b ; Chin and Lent in k 2016 ). 

Regardless of the exact method used to co mpu te N ,
w e sugg est that spe cia l a tten t ion be p aid to key as-
sumption s inv o l ved. Per fect ly sinusoid al w ingstrokes
are as s um ed at som e leve l in every m eth od outlin ed
a bov e. Co mpu ting N fro m power m easurem ents (Equa-
tion ( 2 )) as o p posed to torques may be easier for many
insects, sin ce in ertial an d aerodynamic power can of-
ten be taken from pu blis h ed blade-e lem ent m ode ls or
kinemat ics-b ase d est ima tes of fligh t pow er ( Dickin son
and Lighton 1995 ; Wi l lmott and Ellington 1997 ; Aiello
et al. 2021a ). How ev er, t he simple for mu la in E quat ion
( 1 ) along with the defini tio n o f � ( W hi tn ey an d Wo o d
2012 ; Lynch et al. 2021 ; Gau et al. 2022 ) mostly depends
on wing m orph olog ica l an d kin ematic variables. If on e
as s umes a l l other p a ra met er s are constan t, perha ps with
g round-t ruthing in a subset of spe cies, comput ing N
from E quat ion ( 1 ) may a l low for easier broad compar-
ison across taxa than E quat ion ( 2 ), which may r equir e
3D kinematics or a new model for each addit iona l inse ct
of interest. 

Natural variation and scaling of N 

Using the e quat ions above and co mb ining the observa-
tio ns o f Weis-Fogh wi t h ot h er in depen den t estima tes of
N from the lit erature , w e w ere a ble to provide an ini-
t ia l comp aris on across ins e cts. Un li ke eng ine ere d sys-
tems whose Q factor can vary by many orders of mag-
nitude ( Poot and Van Der Zant 2012 ; Lynch et al. 2021 ,
2024 ), we see that N falls between 1 and 10 across a wide
ran g e of flapping anim al s ( Fig. 2 C). Given the p ara l lels
between N and Q , it seems unlikely th at m any insects
s h ould have a N < 0 . 5 , which would imp l y an over-
damped system that struggles to generate ener g et ica l ly
efficien t wingbea ts (overdam ped systems are defined
by Q < 0 . 5 ). Fitt ingly, 0.5 se ems to be an a pproxima te
lower bound for N in insects. Of the species for which
data are avai lable, on ly a single butterfly species and a
tiny br ist le-win g ed b eetle app ear to have N < 1 . In the
m ost extrem e case of th e t iny be et le, ot her aerodynam-
ics mech ani sms a re lik el y at p lay gi ven the low R ey nolds
number regime in which these insects fly ( Mi l ler and
Peskin 2004 , 2009 ; Fa risenk ov et al. 2022 ). Thus, insects
wi th N < 1 (o r potent ia l ly inse cts with N > 10 ) may
r equir e speci alized ad a pta tion in kinematics or wing
m orph ology to ma inta in efficient flight. In addi tio n to
the cases in Fig. 2 C, other miniature insects such as
mosquitos may be promising subj e cts of future study,
as recent estimates of inertial power s ugges t they may
have N << 1 ( Liu et al. 2024 ). The per for man ce-re lated
pres s ures th at m ay dr ive var i ation in N w it hin t his re-
st ricte d ran g e wi l l be di scu ssed in the following sec-
tions. 

Since N h a s on ly be en measure d acr oss a r e lative ly
sma l l subsample of insects ( Fig. 2 C), few studies have
been co nd ucted o n i ts evol u tio nary im plica tions. N is
a co mposi te trai t th at depend s on wing an d kin ematic
properties. Unrav elin g the tempo and mode o f evol u-
tio n o f N and i ts co nsti tuents may be p art icu larly infor-
mative for insec t flig ht evol u tio n, bu t overly b road co m-
pari sons m ay prove limited due to the number o f facto rs
that could drive variation in N . How ev er, zoomin g in on
st rateg ica l ly chosen model clades ( Abzhanov et al. 2008 ;
Aiel lo et a l. 2021a , 2021b ) or spe cies for whic h muc h
is known about wing m orph ology, kin ematics, an d per-
f orma nce, offers a promisin g av enue to link N to lar g er
sca le p att erns in life hist ory and ecology. 

G iv en t he restr icted var iation in N across insects
that vary drast ica l ly in both body m a ss and wingbeat
frequen cy, is th ere a n expla nat ion g rounde d in first-
p rinci ples that predic ts Weis-Fog h numbers that lie
wi thin an o rder o f magni tude o f o n e an oth er? Steady
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uid fo rces (lift and drag) experienced by a wing mov-
ng through air are bo th pro po rtio nal to the projected
re a of t h e wing an d th e cu be of win g len gth. Inert ia l
 orces a re p ropo rtio nal to wing m a ss and the square
f wing lengt h. Using t he st a nda rd as s um ptions tha t
 rea a nd m a ss ar e pr oport iona l to the square and cube
f length, respe ct i vel y, both inert ia l and aerodynamic
orces s h ou ld sca le rough ly wit h t he fif t h pow er of win g
en gth. Win gbea t am pli tude does not typ ica l ly sca le
 ith w in g len gth and is physica l ly limite d at 180 

◦. It
ollows t hat t he ratio of t h ese forces s h ould be close to
 ne, wi th sma l l deviat io ns fro m iso met ry resu lt ing in
al ues o f N a bov e o r below o ne ( Fig. 2 C). This scal-
n g ar gument bea rs resembla nce to reasoning f or why
nim al s operate within a restricted ran g e of Strouhal
nd Rossby numbers ( Taylor et a l. 2003 ; Lent in k and
ickinson 2009a , 2009b ; Chin and Lentink 2016 ), but
nique ly ties togeth er th e interaction s betw een aerody-
a mic f orces a n d wing in ertia. 

erodynamic efficiency favors low N 

esp i te the scalin g ar guments for N remaining close to
, it is certainly possible that lar g er deviation s could oc-
ur and even sma l l chan g es in N could have large per-
 orma n ce consequen ces. Th e close conne ct ion betwe en
 a nd aerodyna mic efficien cy may provide a m echa-
ist ic b asis for this bounding and s ugges t a t rade off in
 he var iatio n o f observed N . Weis-Fogh s h owed that in
h e absen ce of th orax e l asticit y, aerody namic efficiency
a l ls o ff wi th N , bu t t hat ide al (resonant) t h orax e las-
icit y c an recover these energy losses and enable 100%
fficien t fligh t ( Weis-F ogh 1973 ) ( Fig. 2 B). How ev er,
 recent extension of the Weis-Fogh analysis that in-
ludes the effects of internal losses within the thorax it-
e lf dem onstra tes tha t even a per fect ly res onant ins ect
uffers fr om decr easing aer odyn amic efficiency a s N in-
reases ( Lynch et al. 2021 ). 

Th e th o rax o f flapp in g in se cts dissip ates energy
s i t defo rm s; how ev er, it does this in a frequency-
n depen dent mann er ( Gau et a l. 2019 ; Wold et a l. 2023 ).
hi s i s a sepa rate f o rm o f damp ing fro m aerodynam-

cs and vi scou s di ssip at ion that does not directly in-
uence N bu t h a s im portan t im plica t ions. Fre quency-

n depen dent (st ructura l) d amping associ ated w ith bu l k
efo rmatio ns o f dry m aterial s h a s now been found in
h e exos ke leto n o f different inse cts ( D ude k an d Fu l l
006 ; Gau et al. 2019 ; Wold et al. 2023 ), and contrasts
it h t he usu al v iscous d amping m ode l th at i s applied

o b io m aterial s th at di ssi pate mo re energy wi th faster
efo rmatio ns. W hile vi scou s damping depend s on ve-

ocity and hence frequency during osci l latory move-
 ent an d th e magni tude o f the aerodyn amic di ssipa-

io n depends o n veloci t y-squ a red (a nd hence frequency
quare d), st ructura l damping is constant across fre-
 uencies. Struct ural losses are pa ra meterized by the
t ructura l damp ing facto r, γ , which can be incorpo-
a ted in to Weis-F ogh’s aerodynamic efficiency e quat ion
s an oth er ter m in t h e den o minato r. Do ing so s h ows
 hat t h e presen ce o f any dissi p at ion in t he t horax re-
ults in an efficiency th at fall s off sharp l y with N ( Lynch
t al. 2021 ) ( Fig. 3 A). Thus, even an insect operating
t perf ect resona nce wi l l fav or a low er N to maximize
erodynamic efficiency for even a sma l l unav oida ble
eg re e of st ructura l d amping . R ea list ic va l ues o f γ fo r
 oths in dica te tha t an in sect flappin g at resonance with
 = 4 could suffer as much as a 50% aerodynamic effi-

iency loss, comp are d to t he s ame insect wit h no inter-
al damping ( Fig. 3 A). Thus, the interactions between
 an d oth er properties such as r esonant fr equen cy an d

n ternal dam p ing resul t in an efficiency space that favors
 low N . 

Wei s-Fogh’s origin al efficiency argument comp are d
he case of no thorax el asticit y to the case of ideal,
eso nant tho rax elastici ty. Bu t what abou t in termedia te
ases, wh ere th orax e lastici ty o ffs ets s o me, bu t not a l l in-
rt ia l power costs, like in the hawkmoth Man duc a sexta
 Gau et a l. 2022 )? Re cently, w e g enera lize d Weis-Fogh’s
fficien cy argum ent to exp licitl y inco rpo ra te im per-
ect thorax el asticit y, illustrating how N interacts with
 system with resonant mechanics ( Wold et al. 2024 )
 Fig. 3 B). Doing so r equir es defining a two-dimensional
fficiency space where N and the squared ratio of res-
na nt a n d wingbeat frequen cies ( ̂  K = ω 

2 
n / ω 

2 ) dictate
he aerodynamic efficiency of an insect. ˆ K measures the
atio of an ins ect’s res ona nt a n d wingbeat frequen cies,
here ˆ K = 1 is the case where the insect fla ps a t reso-
a nce a nd a l l inert ia l power costs are offset by elastic en-
rgy s tora ge ( Bo x 2 ). I n t his extended for m ula tion, the
eg re e t o whic h a n a nima l’s efficiency de cre ases wit h
 depends on how close it is to i ts reso nant peak. In

he case where ˆ K ≈ 0 , the problem reduces to the orig-
n al Wei s-Fogh plot ( Fig. 2 B). How ev er, at perfect res-
nance ˆ K = 1 , high efficiency is achieved r egar dless of
 . Th us, the in teraction s betw e en N and 

ˆ K resu lt in a
ich efficiency space, which may constrain insects’ flight
 ehavior dep ending on their co mb inatio n o f reso nant
 roperties. Fo r in stance, in sects with a lar g e N may re-
uire operation closer to resonance ( ̂  K close to 1) in
rder to fly with high efficiency or must abdicate sig-
ifica nt efficiency f or frequen cy m od ulatio n capaci ty
 ff o f reso n ance ( Fig. 3 B). Thi s u pdated framewo rk il-

ustrates the interplay of N an d oth er resonant prop-
rties of an insect, and can now be applied compara-
i vel y to insects believed to operate off of their resonant
eak. 

In t he super family o f bo mbyco id moth s, w e recently
emonst rate d that sister families hawkmoths (Sphingi-
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(A) (B)

(C) (D)

Fig. 3 (A) For an insect flapping at resonance, aerodynamic efficiency can only be 100% with no internal damping ( γ = 0) ( Lynch et al.
2021 ). For realistic, nonzero internal damping ( γ > 0) efficiency decreases monotonically with N . (B) Two-dimensional efficiency space for 
insects flapping on or off of resonance ( Wold et al. 2024 ). At resonance ( ̂  K = 1) efficiency is 100% regardless of N . However, off of 
resonance ( ̂  K � = 1) efficiency decreases with increasing N . (C) Simulations reveal that the number of wingstrokes required to reach full 
amplitude steady-state oscillations increases linearly with N ( Lynch et al. 2024 ). (D) Constant flow perturbation experiments on a 
robophysical flapper r ev eal that wingbeat trajectories are increasingly distorted at lower N ( Lynch et al. 2024 ). 
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dae) and si l kmot hs (Satur niidae) div er g e in N , and this
div er g ence results in hawkmoths having p o or er aer o-
dynamic efficiency when comp are d to si l kmoths ( Wold
et al. 2024 ). This makes s ens e when con siderin g that
si l kmoths do not have funct iona l mouthp a rts a nd do
not fe e d as adu lts, and ther efor e fly under an extremely
limited ener gy budg et ( Janzen 1984 ; Aiel lo et a l. 2021a ,
Jacobs and Bastian 2016 ). Hawkmoths are nect ar ivo-
rous an d h over-fe e d from flower s, pot ent ia l ly re quiring
an ab ili ty to mod ul ate w ingbeat fre quency t ransiently
in the air ( Roth et al. 2016 ; Gau et a l. 2021 ). Ta ken
togeth er, differen ces in N between these two groups
appear to mat c h c lade-sp ecific p er for man ce an d life
histo ry trai ts, causin g ener gy-limite d si l kmoths to flap
m ore efficiently an d hawkm oths to b a lance a t rade off
 

between efficien cy an d frequen cy m od ulatio n. W hile
thi s i s a sin gle study, w e hope that it inspires f urt her
com para tiv e w ork in linkin g reso nant p ropert ies li ke N
to per for mance across diverse taxa. 

Low N favors responsiveness at the cost 
of stability 

Variation in N may also have per for mance implica-
t ions relate d to t rade o ffs in respo n siv en ess an d stab ili ty
( Box T1 ). Ag i le flight re quires respon siv eness such that
wh en th e insect a ttem pts to modula te its wing kinema t-
ics by modu lat ing musc le force , the syst em is sen sitiv e
t o the c han g e and rap idly ad justs i ts dynamics to per-
for m t h e man euver. Thi s property i s essent ia l to per-
form eva sive beh avior s t o evade predat or s and avoid
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 bs tacles in complex environments. Insects also must
nsure tha t perturba tions such as a gust of wind, do
o t catastro phica l ly a ffect lift p rod uctio n and o r p ro-
 uce extreme disto rtio ns to their wingbea t tra jecto-
 ies ( Hedr ic k et al . 2009 ; Ort ega-Jim en ez et al. 2013 ;

atth ews an d Sp onb erg 2018 ). 

esponsiveness 

 h a s a direct im plica tio n fo r a cri t ica l p a ra meter of
espon siv en ess: Th e tim escale over which the wing
s able to respond to a control inpu t fro m the flight

usc les. S imu lat io ns o f flapp in g win gs w ith vary ing N
emonstra te tha t low N systems can m odulate th eir
ing kin ematics m ore quickly than high N systems

 Lync h et al . 2024 ). It i s ea sier t o modulat e th e kin e-
atics of a wing with re lative ly less in ertia. Th e num-
 er of wingb eats r equir ed to achieve steady state flap-
 ing fro m r est incr e ases line arly wit h N , such t hat high
 systems wi l l ta k e ma ny more wingbe ats to st art, stop,
 r mod ula te kinema tics to a new s teady-s tate ( Fig. 3 C).
hile t his sug gests t hat lar g er N in sects face a respon-

iveness deficit ( Fig. 3 C), they may be able to overcome
his by modu lat ing N t ransiently v i a subtle actions of
t eering musc les. St eering musc les attac h directly t o the
in g hin g e an d th eir effe cts on st roke kinemat ics may
ot be a s ea sily overcome by lar g e inert ia l forces as the

ndirec t flig h t power m usc les ( Dic kinson and Tu 1997 ;
eora et al. 2017 ). 

tability 

ar g e relativ e inert ia l f orces lead to la r g e chan g es in the
 ngula r m om entum of th e win g durin g a win gstroke,
a king any perturb at ive force on the wing less signif-

cant. E xterna l flows, such as those experienced when
y ing in crossw ind s or colli sions, m ay h ave a more
ignifica nt effect on the wing kinematics of a low N
n sect, causin g them to dev i ate from the s teady-s tate
ing t raj e ctory and ma king it difficu lt to ma inta in sta-
le hover or steady fligh t. Recen t experimen ts from
 dy namic a l ly sca le d, robophysica l flapping wing with
l asticit y have demonst rate d empirica l ly this relation-
hip b etween p erturbatio n magni tude an d N ( Lyn ch
t al. 2024 ) ( Fig. 3 D). At lowest N , kinematics dev i ate
 ubs tant ia l ly from a perfect sinusoid. The kinematics
moo th o ut a s N increa ses, but m a inta in a lower a m-
litude than would be the case wi thou t external flow
 Fig. 3 D). Thus, while low N insects may be more aero-
y namic a l ly efficient, even re lative ly simple flow envi-
o nments may p resent them with a control problem.
ue to tradeoffs between aerodynamic efficiency, sta-
 ili ty, and respo n siv eness betw een high and low N , vari-
tion in N even within an order of magnitude may
old significa nt perf orma nce im plica tio ns fo r an in-
 ect. Thes e tradeoffs als o hig hlig h t the im po rtance o f
ob ophysical mo dels for testing t he per for mance conse-
uences of different pa ra met er s when con siderin g both
eson ant mech anics and aerodynamics. We hypothesize
h at insects m ay h av e tuned N ov er ev ol u tio nary time to

at c h differ ent envir o nmental co ndi tio ns o r energetic
em and s, or behaviors. 

odulation of N 

hu s far, we h ave di scu ssed the val ue o f N fo r spe-
ific species. Bu t o r ganism s may be a ble t o modulat e
heir N v i a different behav io rs o r throug h selec tion over
vol u tio nary time. As can be seen fro m Equatio n 1 ,
imp l y chan gin g s teady-s ta te wingbea t am plitude is suf-
cient to chan g e N , a l lowing an insect to transiently
odify its resonance curve. While quan tita tive stud-

es on chan gin g N are lackin g, rea list ic angle-of-attack
nd wing p i t c h t raj e ctories li ke ly m odu late N by ma k-
ng the aerody namic d am ping coefficien t time-varying
 Dickinson et al. 1999 ; Ja fferis et al. 2016 ). In these cases,
 from E quat ion 1 does not capture the nuances of aero-
yna mic f orce a nd p ower pro duction. N may b e able to
e inferred by sim ula ting a m ode l with m o re co mpli-
 ated aerody namics o r emp irica l ly m easuring th e res-
 nance curve o f dy namic a l ly sca le d robot ic wings. A

ar g e deg re e of series elast icity in the wing hinge can
l so dram atic ally w iden an ins ect’s res onance curve, de-
re asing t he effe ct iv e N ( Pon s and Beatus 2022b , 2022a ).

hile the wing hinge of large inse cts li ke moths is quite
 tiff, at the scale of Drosophila an d be low, it appears
o be mo re co m plian t, th u s increa sing series-ela stic ef-
ects on th e resonan ce curve ( Gau et al. 2022 ; Pons et
l. 2023 ). In addi tio n, small insects like dipterans may
e able to modulate series elasticity of their wing hinge
 i a precise m ovem ents of steering m uscles, th us dy-
amica l ly a l tering N d uring flight ( Deo ra et al. 2017 ;
elis et al. 2023 ). 
Thu s far, we h ave di scu ssed reson ant efficiency and

requen cy m od ulatio n in the co ntext o f sync hro no us
nsec ts, w hich set their wingbeat frequency with the
requency of the neural drive to their flight mus-
les. How ev er, many clades of insects such as Diptera,
oleo p tera, an d Hym en o p tera are asyn chron ous, gen-

rating 5–20 wingbeats with a single neural signal ( Gau
t al. 2023 ). Doing so renders t heir wingbe at frequency
mer g en t from in teraction s betw een their muscle dy-
a mics a nd b o dy mech anics. Thi s h a s led to the pre-
iction that they flap at their resonant fre quency, a l-
 hough t hi s rem a ins la r g ely unt est ed excep t thro ugh in-
ire ct observat ion s ( G re enewa lt 1960 ; Jan kauski 2020 ;
as e y et al . 2023 ). Async hronous insects still have

esonan ce curves; h owever, interpreting th eir N val-
es may r equir e addi tio nal n uance. F or exam ple, elas-
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ticity in tiny insects like Drosophila is dominated by
the act ive st iffness of their fligh t m u scle a s o p posed
to the exoskeleto n, resul ting in n onlin e ar ities t hat en-
able mo re co mplex reso nant ph en om en a th a n ca n-
no t be cap tured in the simples t s prin g-win g m ode ls
( Pons et al. 2023 ). 

Asyn chron ous insects are likely capable o f so me fre-
quen cy m odu lat ion during flight, and to a lar g er de-
g re e dur ing ot h er be hav iors ( A ltshuler et al. 2005 ;
Pet er s et al . 2017 ; Combes et al . 2020 ). For in-
sta nce, ma ny b ee sp ecies p er for m mul ti ple differ-
ent modes of buzzing for comm unica tion, t her mo-
genesis, flight, and pol linat ion ( Hrncir et a l. 2008 ; 
Prit c hard and Va l lej o-Marín 2020 ). Swit c hin g betw een
these buzzing modes is im portan t beca us e the y s erve
different functions. “Buzz pol linat io n” is cri t ica l for dis-
lo dging p ollen granules from flower anthers ( Jankauski
et a l. 2022 ; Va l lej o-M arín 2022 ). M any of th e n on-
flight buzzing modes are accomplis h ed with out fu l l de-
ploym ent of th e w ings, drastic ally altering inerti al and
da mping f orces. Thu s, a syn chron ous frequen cy m odu-
lat ion li kely occ urs throug h th e m odu lat ion of resonant
p roperties o f the wing o r tho rax as o p pose d to neura l
dr iving frequency. D oing so may result in a chan gin g N
t o mat c h per for m ance dem and s a ssoci ated w ith differ-
ent behavio rs o r a re lative ly constant N across buzzing
modes to ma inta in fav ora ble ener g etics. 

Conclusions and future avenues 

We have s h own th at N i s re lative ly easy to measure
a nd ca n co nvey impo rt ant per for mance infor mation
fo r flapp ing flight, incl uding aer odynamic efficiency, r e-
spon siv en ess, an d stab ili ty. Th e fram ewor k provided by
N can h e lp us analyze these perf orma nce cha racteris-
t ic t rade offs to h e lp us f urt h er un derstan d h ow insects
of diverse fligh t stra tegies are able to fly s ucces sfu l ly in
co mplex enviro nm ents. Th e rest ricte d ran g e 1 < N <

10 for most insects reflects limi tatio ns o n both low and
high N . The existence of irrecov era ble in ternal dam p-
ing in the th orax an d a propensity of s ome ins ects to
flap o ff o f their reso nant peak favo rs lo w N . Lo w N sys-
tems also benefit from faster response times to control
inpu ts fro m m uscula tur e but suffer fr om gr e ater inst a-
b ili ty in perturbative environmen ts. Th us, low N insects
achieve efficien cy an d respon siv en ess at th e expense of
stab ili ty. It may also not be that insects favor a p art icu-
lar N but rather a ran g e o f N val ues the y can achie ve by
modu lat ing their wing stroke kinematics or the series
el asticit y of their wing hinge (v i a m ovem ents of steer-
ing m uscles). Varia tio n in N even wi thin a single o rder
o f magni tude h a s crit ica l per for mance im plica tions and
consequently may be an important tar g et for sele ct ion
ov er ev ol u tio nary time. 
E xcept ions to the 1 < N < 10 ran g e may be indica-
tive of speci alized ad a pta tio ns fo r reso nan t fligh t, and
may be p ro misin g system s for f urt her explo ratio n. Fo r
exa mple, there a re alre ady out liers in t he ran g e of N be-
ing from 1 to 10 such as Paratu posa p la c ent is a nd Pieris
b ras s ic a e whose N is low due to their spe cia lize d wing
struct ure. Paratu posa p la c entis h a s a bri stled wing th at
decre ases t h e wing in ertia le ading to low N ( Far isenkov
et al. 2020 , 2022 ) while some butterflies such as Pieris
b ras s ic a e have large wings leading to large aerodynamic
d amping c au sing N < 1 ( Wei s-Fogh 1973 ; Ellington
1984b , 1984c ). These two examples s ugges t that N < 1
insects must adapt wing m orph ology, kin ematics, or
both to s us tain efficient flight wi thou t the hel p o f elastic
energy s tora ge. 

N cannot be easily exper iment a l ly manipu late d in
free ly be havin g in se cts, ma king it difficu lt to precisely
link per for mance t rade o ffs wi t h t he differ ent pr oper-
ties that a ffect N . How ev er, N can be systematically var-
ied in a dy namic ally sc aled robophysic al flapping sys-
tem by varying wing, fluid, and driving force param-
et er s ( Dic kinson et al . 1999 ; Lync h et al . 2021 , 2024 ).
Part icu lar ly re levant are n ew ro bophysical sys tems that
t ake a dr iving fo rce inpu t as o p posed to a wing t raj e c-
to ry inpu t, a l lowing kinemat ics to emer g e fro m moto r
and w ing dy namics. N c an also be estimated in these
systems wi thou t a fo rmu la by swe eping over a range
of driving frequencies and me asur ing t he widt h of an
emp irical reso nance curve. In co mb inatio n wi th an ex-
ternal flow perturbatio n, fo r example, this setup can be
used to examine effects o f N o n flapp ing perfo rmance
in unsteady co ndi tio ns ( Lynch et al. 2021 ). We s ugges t
t hat f u ture effo rts focus o n test ing the effe cts o f N o n
uns tudied as pec ts of flig ht per for mance , suc h as flight
in varying flow spe e ds, or the effe c ts of c ur rent ly un-
m ode le d propert ies of inse ct wings on N , such as wing
flexural compliance. 

N holds great p ro mise fo r expan ding our un der-
standing of insec t flig h t mechanics, con trol, and evo-
l u tio n. Captur ing t he interaction s betw een an insect’s
wing m orph ology, kin ematics, an d aerodynamics, N
di stingui s h es itse lf from oth er dim ensionless numbers
in animal loco motio n. Furt her more, t he or ig ina l argu-
m ents deve lope d by Weis-Fogh for lin king N to aero-
dynamic efficiency have p roven ri pe fo r expansio n in
depth and realism to inco rpo rate effects such as in-
ternal da mping a nd va rying th orax e l asticit y. By as-
sessing the perf orma nce t rade offs ov er a ran g e of N
values in com puta t iona l m ode ls, ro bophysical s pring-
wings, and across taxa, we can make f urt her pr ogr ess in
un derstan ding h ow inse cts b a lan ce efficien cy, respon-
siven ess, an d stab ili ty against the backdrop of remark-
ab le morp ho log ica l, behaviora l, and environmenta l
diversity. 
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